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Abstract 

Polyhedral realization of crystal bases is one of the methods for describing the crystal base B{oo) ex- 
plicitly. This method can be applied to symmetrizable Kac-Moody types. We can also apply this method 
to the crystal bases B{X) of integrable highest weight modules and of modified quantum algebras. But, the 
explicit forms of the polyhedral realizations of crystal bases B{oo) and B{X) are only given in the case of 
arbitrary rank 2, of A„ and of aI^\ So, we will give the polyhedral realizations of crystal bases B{oo) and 
B{\) for all simple Lie algebras in this paper. 
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1 Introduction 



Quantum algebra Uq{g) :— (e^, fi, q'^)^^j (/ = {1, 2, • • • , n}) which was introduced in the study of solvable 
lattice models is applied to the several kinds of study of mathematical physics and plays important roles. The 
nilpotent part Ug'{g){— {fi)i^j) of Uq{Q) has a crystal base B{oo) which was constructed by Kashiwara jKlj 
and the irreducible integrable highest weight representaion of Uq{2) also has crystal base B{X). 

The crystal base has been realized by several methods but it is not so easy to obtain the explicit form. 
Polyhedral realization of crystal bases is one of the methods for realizing crystal base explicitly, which was 
introduced by Nakashima and Zelevinsky jNZ| . We can describe a vector of crystal base B{oo) as a lattice 
point of certain convex polyhedron in an infinite Z-lattice by this method. This method can be applied to 
symmetrizable Kac-Moody types and applied to the crystal base B{X) of the irreducible integrable highest 
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weight module. In |NZ| . polyhedral realizations of B{oo) are given when g is of arbitrary rank 2 cases, of 
An and of A^j'ii and in [N], Nakashima gave the polyhedral realizations of the crystal base B{\) (A G P+) 
of irreducible integrable highest weight modules when g is the same cases as the above. He and the author 
|HN| applied this method to the modified quantum algebras and had the polyhedral realizations of B{Uq{2)ax) 
and the some specific connected component of Bo{X) (A e P) containing Uoo ^ €5 u-oo for g is of type An 
under certain assumption on the weight A and for g is of type A^^^ on positive level A and in |H], the author 
gave the one of i?o(A) for arbitrary rank 2 cases on positive level A. After Nakashima and Zelevinsky's work, 
P. Littelmann described crystal base B{oo) by some inequalities (which are called "cone") for all simple Lie 
algebras and -B(A) for classical Lie algebras j^. In this paper, we will give the polyhedral realizations of crystal 
bases B{oo) and B{X) for all simple Lie algebras. In order to treat the cases, we improve the Theorem in (NZ| 
and obtain the polyhedral realizations. 

This paper is organized as follows: in Section 2, we review the theory of crystal base and methods of 
polyhedral realizations of B{oo) and B{X). In Section 3, we improve the method which is given by |NZ| and 
obtain the explicit forms of the polyhedral realizations of B{oo) and -B(A) for all simple Lie algebras. But, we 
do not write in this paper about the B{X) for and Eg, since numerous inequalities appear. 

Acknowledgements. The author would like to thank Professor Toshiki Nakashima for his support and 
helpful comments. 

2 Preliminaries 

2.1 Crystal bases and Crystals 

In this subsection, we review the theory of crystal bases and crystals. We fix a finite index set / and let 
A = {aij)ij^i be a generalized symmetrizable Cartan matrix, {t, {ai}i^j, {hi}i^i) be the associated Cartan 
data and g be the associated Kac-Moody Lie algebra where ai (resp. hi) is called a simple root (resp. simple 
coroot). Let P be a weight lattice with a Q- valued symmetric bilinear form ( , ), P* be a dual lattice including 
{hi}^i and Q :— 0^^/ Q('i')Q!i be a root lattice. The quantum algebra ?7g(g) to be the associative algebra 
with 1 over Q(q) generated by ei,/i,g'* (i G /, ft. G P*) with the usual relations. Let U~{q) := {fi)i£i be 
the subalgebra of J7g(g) and V^(A) be the irreducible integrable highest weight module. U~{2) (resp.T^(A)) 
have a crystal base (L(oo), i?(oo)) (resp.(L(A), i?(A))) satisfying some properties. Let nx : Uqid) — * — 

U~{2)/J2i^qi9)fi~^^'^'"'^'^ be the canonical projiction and tt\ : L{oo)/qL{oo) L{X)/qL{X) be the induced 
map from tt^. We note that nx{B{oo)) = B{X) U {0}. 

The notion of crystal is obtained by abstracting the combinatorial properties of crystal bases. A crystal B 
has maps wt : B ^ P, Ei, (pi : B ^ Z, \J {— oo} and ii, fi'.BU {0} B U {0} with some aximos. In fact, 
crystal bases B{oo) and B{X) are also crystal. The tensor product of the crystal bases is again crystal base and 
so, we can consider the tensor product of crystals. 

2.2 Polyhedral Realization of B(oo) 

In this subsection, we review the polyhedral realization of the crystal B{oo) (see |NZp . 
First, we recall the crystal structure of Z°°. We consider the following additive groups: 

{(•••, Xfc, a;2, Xi) I Xfc G Z and .Tfc = for fc 0}. 

We will denote by Z^q C Z°° the semigroup of nonnegative sequences. Take an infinite sequence of indices 
i- — (• • • ,ik, - ■ ■ , *2, ii) from / such that 

ik ^ ik+i for any fc, and tt{fc > : ik ~ i} — oo for any i d I. (2.1) 

The crystal structure on Z°° associate to t is defined as follows. Let x = {■■■, X2, xi) ^ Z°° . We set for fc > 1 

ak{x) := Xk +^{hi^,ai.)xj. (2.2) 
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Since xj = for j ^ 0, Ufc is well-defined. Let a^-^^{x) := ma,Xk:ik=i'^kix) and 

AfW =MW(f) := {k : ik = i,ak{x) ^cr^'^x)}. (2.3) 

Note that (t^'-'(x) > 0, and that Af^*) = M'^*^(x) is finite set if and only if a^'^\x) > 0. Now, we define the map 
g. : Z°° U {0} , : ^ Z°°, by e~,(0) = /,(0) = and 

{Mx))k = +(5fe_„i„MW, (2.4) 
(ei(x))fc = Xfc - (5fc jjiaxAK') if o-'^'^(f) > 0; other wise ei(x) = 0, (2.5) 

where Sij is Kronecker's delta. We also define the weight function and the function and ipi on Z°° as follows: 

wt{x) -.^ -J2'^^-oo^j^ij' £iix) := a^'^x), ipi{x) := {hi,wt{x)) + ei(x). (2.6) 
We denote this crystal by Z^. 

Proposition 2.1 (| K2 p. There is a unique embedding of crystals according to l 

: B{^) -^Z^oCZr (uoo ^ (••■ ,0,0)). (2.7) 

This embedding is called Kashiwara embedding. 

Next, we review the polyhedral realization of B{oo) for describing the image of Kashiwara embedding. We 
consider the following infinite dimensional vector spaces and their dual spaces: 

Q°° := {x = {■ ■ ■ ,Xk,- ■ ■ ,X2,xi) : Xk eQ and Xk = ioi k:S> 0}, 
(Q°°)* := Hom(Q°°,Q). 

We will write a linear form (p G (Q°°)* as (p{x) — J2k>i VkXk {fj G Q)- For the sequence l — {ik)k>i and A: > 1, 
we set 

•— rnin{Z : I > k > and ik — i;}, 
if it exists, otherwise fc^"^ = 0. We define a linear form f3k (k > 1) on by 

/3k{x) = ak{x) ~ a^x+){x) (2.8) 
fc<j<fe(+) 

By using these linear forms, let us define a piecewise-linear operator Sk = Sk.i. on (Q°°)* as follows: 

Ski^) := h - (2.9) 

I^V' - fkPki-) if </'/c < 0, 

for ip{x) = ^ fkXk e (Q°°)*. Here we set 

:= {%...5,,5,,(a;,JU>0,jo,Ji,--- ,J/>1}, (2.10) 
:= {f e Z°° C I (^(^) > for any ip G SJ. (2.11) 

We impose on t the following "positivity assumption" (P): 

(P) for i, if fc(^^ = then (^^ > for any (p{x) — 'J2k fkXk G 2^. (2.12) 

Theorem 2.2 ([NZJ). Let l be the sequence of indices satisfying ^2.1\i and the positivity assumption (P). Let 
^'t : B{oo) ^ Z^ be the Kashiwara embedding. Then, we have Im(5',)(= B(oo)) = S^. 

We call Et the polyhedral realization of B{oo). 
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2.3 Polyhedral Realization of B{X) 

In this subsection, we review the polyhedral realization of the crystal B{X) (see N ). 

Let R\ {r\} be the crystal for A G P+ (P+: set of dominant integral weights) defined in For the 
crystal i3(oo) ® R\, we define the following map: 

$A : (S(oo) eg) i?A) U {0} ^ B(A) U {0} (2.13) 

by $a(0) = and ^x{b ® r\) = nx{b) for b G B{oo). We set 

B(A) := {6 ® TA e B(oo) ® i?A : $a(& ® ^a) 7^ 0}. 

Theorem 2.3 (^). ("ij T/ie map (f>A becomes a surjective strict morphism of crystals B{X) ® R\ B{X). 
(a) B{X) is a subcrystal of B{X) ® Rx, and $a induces the isomorphism of crystals B{X) c± B(X). 

Let us denote (g) Rx by [A] . Here note that we can identify Z^ [A] with Z^ as a set since the crystal Rx 
has only one element but their crystal structures are different. By Theorem 12. 31 we have the strict embedding 
of crystals fix : B(X){= B{X)) ^ B{oo) Rx- Combining fix and Kashiwara embedding we obtain the 
following: 

Theorem 2.4 (|N]). Th ere exists the unique strict embedding of crystals 

: B{X) ^ B{oo) ®Rx'^'LT®R\ ^- 
such that 'l!?'\ux) = (•••, 0, 0) ® ta- 

We fix an infinite sequence of indices l~ (• • • ,ik, - ■ ■ , i2, «i) satisfying (|2.1|l and A G P+. We define a linear 
form pI^^ (A; > 1) on Q°° by 

Pi'^\x)^Xk+ ^ {h^^,a^^)xJ + Xk(+}, (2.14) 

fc<i<fc(+) 

\-(/i,,,A) +X;i<j<fe(^»fc,a»,)a;j +a;fc, if fc(-) = 0. 

Here note that /9^+^ = /3fc and fj[r^ = if fc'") > 0. By using these linear forms, let us define a piecewise- 

linear operator Sk = Sk,L on (Q°°)* as follows: 

^.(^):=^"^^11 (2.16) 
(^(yS - ifkPk if <y5fe < 0, 

for i^(i:) = c + ^(pkXk {c,ipk & Q) on Q°°. For the fixed sequence t — {ik), in case fc^^^ = for fc > 1, there 
exists unique i G I such that «fc — i. We denote such k by namely, t'*^ is the first number k such that ik = i- 
Here we set for A G P+ and i G / 

A«(x) :=-/3y(f) = (/i„A)- {h^,a,,)x,-x,,.,. (2.17) 

i<j<i,(») 

For L and A G P+, let SJA] be the set of all linear functions generated by Sk from the functions Xj (j > 1) and 
A^*-' (i G /), namely, 

S,,[A] := {4, • ••'S'i2'5'ji(a;io) : ' > 0, jo, ji,- •• , ji > 1} 

U{4 • • • SjJjA>^'^''Hx)) : fc > 0, z G /, JO, Ji, • • • , Jfe > 1}. 

Now we set 

:= {x G Zf'[A] C Q°° : ip{x) > for any ip G SJA]}. (2.18) 
For L and A G P+, a pair (i, A) is called ample if SJA] 9 = (■ • • , 0, 0). 
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Theorem 2.5 (UNj). Suppose that (t, A) is ample. Let : B{X) Z^[A] he the embedding as in Theorem 
Then we have Im(*^^^)(?^^ B{X)) = EJA]. 

We call St [A] the polyhedral realization of B(X). 

In the rest of this subsection, we note about Sk and Sk- We define the linear form ^'^'^ {i e /) on Q by 

e«(x):=- J2 {h^,a,^)xJ-x,^.,=-{h,,X)+X'^'\x) (2.19) 

l<J<L(i) 

and set of linear forms S^*^ by 

S« {5,, • • • : / > 0, jo, Ji, • ■■,Ji> !}• (2.20) 

Here we introduce the strict positivity assumption for l as follows: 

if fc(-) = then (^fc > for any ip{x) - E,. ip^x^ e (S,, U U.e/Sp'^) \ {^^ : i G /}, (2.21) 
where is defined by (|2.1U|) . Then we have following Lemma: 
Lemma 2.6 (El). Under the strict positivity assumption for l, we have 

^ji ■ ' ■ ^j2^ji-'^jo ~ ^ji ' ' ' ^j2^ii-^jo^ (2.22) 
for any I > 0, jo, ji, • ■ ■ , ji > 1, and 

4 • • • 4.4-1 A«(-^) = {h^,X) + % • • • 5,,%C«(x), (2.23) 
for any I > 0, jo, ji, ■ ■ ■ , ji > 1 and i £ I, if the left hand side of \2.2^) is non zero. 

3 Explicit forms of polyhedral realization of B{oo) and B{X) 

The polyhedral realizations of B{oo) and B{X) are already known in the case of all rank 2 Kac-Moody types, 
of An and of aII}_-^ C |NZ| . [N]). In this section, we treat other simple types. We obtain the following Theorem 
by [NT] Theorem 3.1: 

Theorem 3.1. Let be a set of the linear forms in Q°° and set 

T.[ := {xeZ^l ip{x) > for any ip e E[} 
satisfying the following conditions: 

(i) S' is closed under the action of Sk 's, 

(ii) L satisfies the positivity assumption (P), 

(Hi) all entries of x = {■ ■ ■ ,X2,Xi) £ S' are nonnegative. 
Then we have 

Im(vl/,,)(- B{^)) = 

Proof. We recall that the following two facts for certain St(c Z]") (see |NZ| Theorem 3.1): 

A) If St is closed under the action of fi, then Im ('ft) C S^, 

B) If Et is closed under the action of Ci and all the entries of a; G St are nonnegative, then St C Im(5't) since 
every i? G St can be transformed to by the action of eii's {i £ I). 

We assume the condition (i). The condition (i) means that S' is closed under the action of e^'s. Using {ii), 
we obtain that S' is closed under the action of fiS and this shows Im(\I't) C S'. Using {Hi), we obtain that 
S; C Im(vl/t). 

□ 
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Remark 3.2. Theorem 13.11 implies that we need not consider a set of linear functions which is closed under 
the action of Sk to Xj for any j > 0. We only need to find a set of linear functions which is closed under the 
action of Sk to Xj for some j > and which satisfies two conditions (m), {Hi). 

It will be convenient for us to change the indexing set for Z°° from Z>i to Z>i x [1, n]. We will do this with 
the help of the bijection Z>i x [1,»t.] — *■ Z>i given by i— > {j — l)?^ + i)- Thus, we will write an element 
X G Z°° as doubly-indexed family {xj-i)j>i i^[i n] of nonnegative integers. Therefore, we can write that x £ Z°° 
as (• • • ,xi;2,xi;i). We will adopt the convention that Xj-o ~ xj-n+i ~ unless i € [1,?^]. Hereafter, we fix the 
infinite sequence l as follows: 

i '■—{■■ ■ ,n,n — 1, ■ ■ ■ ,2,1,-- - ,n, n — I,-- - ,2, l,n,n— I,-- - ,2,1), 
where n is the size of Cartan matrix. 
3.1 Bn case 

We consider the case of type Bn and give the explicit forms of S,, and 5],,[A]. First, we give the polyhedral 
realization S^. We define for any j>l,0<A;<2n— 1 

{id {k = 0), 

Sj-kSj-k-i ■ ■ ■ Sj.2Sj.i (l<fc<n-l), (3.1) 

Sj+k-n;2n-kSj+k-l-n;2n-k+l ' ' ' Sj+i-^n-lSj-nfj;n-l {n < k < 2n — 1). 

Lemma 3.3. 

. X fa^i;fc+i - Xj+i-k (0 < fc < n - 1), 

yXjj^k-n+l:2n-k-l — Xj+k-n+l-2n-k [n S ^ S — i). 

Proof. By the induction on k. The case of = is trivial. 
Case I) 1 < fc < n - 1. 
If fc = 1, we have 

= Xja - {Xj-i - Xj-2 + Xj + i-i) 

If 1 < fc < 1, we assume that fj-k-i{xj;i) — Xj-k ~ 2^j+i;fe-i- Then we have 

Sj-k^j-k-l{xj-l) — Sj-k{xj:k — Xj + i-k-l) 

— Xj-k — Xj + i-k-l — {Xj-k — Xj-k+l — Xj + i-k-l + Xj + i-k) 

— Xj-k+l — Xj+i-k 

= (Py,k{Xj;l). 

Case II) n < fc < 2n - 1. 

If fc n, using the result of Case I), we have 

'Sj';n9-'j;n — 1 (•^j;! ) — Sj-^-a{Xj-ji 2;j + l;n — l) 

— Xj;n -^j + lin — 1 {xj-ji IXjj^-X-^yi^i ~\- Xj-i^\-yi^ 

— Xj + l-.n—l Xj-^i-Yi 
= (pj-n{Xj-l). 
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If n < fc < 2n — 1, we assume that (pj-k-iixj-i) = Xjj^k-n;2n-k — Xj+k-n;2n-k+i- Then we have 

Sj+k-n;2n-kfj;k-l{Xj-i) = Sj+k-n;2n-k{Xj+k-n;2n-k — Xj+k~n;2n~k+l) 

'^j+k—n\2n—k j + k—n\27i—k-\-l 

^{Xj+k-n;2n-k ^ Xj-^-k-n;2n-k+l ^ Xj+k-n+l;2n-k-l + Xj+k-n+l;2n-k) 
= Xj+k-n+l;2n-k~l ~ Xj+k~n+l;2n-k 
= (pj-k{Xj-l). 



□ 



Lemma 3.4. ifj-kixj-i) is closed under the actions of all transformations Sm-.i for any to > 1, Z > 1. 

Proof. Using the definition of ipj-^k (|3.1|l and the formula (|3.2() in Lemma 13.31 if fc = 0, ^pj-^ — id and we have 



Sm-l{V3;0{X];l)) 

Ifl<fc<n— 1, we have 



^j-i{xj.i) if {m;l) ^ [j; 1), 
Xj;i other wise. 



fr,k-i{xj-i) if {m;l) = {j;k), 

Sni;li'fj;kiXj;l)) = ipj.k+l{Xj-l) if {m\l) = {j]k+ 1), 

fj;k{xj-^i) otherwise. 



li n < k < 2n ~ 1, we have 



LPj.k-i{xy,i) if {m;l) = {j + k - n;2n - k), 
S„i.i{(pj.k{x.j.i)) ^ ^ ipj.k+i{xj.i) if {m;l) ^ {j + k - n + l;2n- k - 1), 
^ipj;k{xj:i) otherwise. 



□ 



Now, we define 



:= { (pj:kixj-i) : j > 1, < k <2n - 1}, 
:= {xeZ'j^': (p{x) > for any (p EE,}. 

Theorem 3.5. Polyhedral realization of B{oo) for type Bn is described as below: 

Xj-i = for j,i ^ [l,n], 

Xi-i > X2-i~i > • • • > Xi-i > for 1 < z < 71 — 1, 

Xj-n > Xj + Un-l > ■ ■ ■> Xn-j > for 1 < j < U, 
Xj-n^j+l > Xj.n-j+2 > ' ' ' > Xj-n > for 2 < j < n. 

Proof. First, we show that is the polyhedral realization of B{oo), so we shall check the conditions of Theorem 
13.11 St is closed under the action of Sk by Lemma H-i. 41 The coefficients of xi-i {i — 1,2, ■ ■ ■ ,n) are positive for 
ip £ El hy Lemma 13.31 and this shows that l satisfies the "positivity assumption". 

We will show that all entries of x G are nonnegative. In the case ofTO>l,0<^<n— 1 for (pm-.iixm-i), 
we have 

Xmd+l ^ Xm+l;l 

and we consider the cases that (to; I) = (j; i — 1), (j + 1; i — 2), • • • , (j + i — 2; 1), {j + i — 1; 0) for any j > 1, 
1 < i < n, then we obtain 

Xj-i > Xj^i-i^i > ■ ■ ■ > Xj^i^2-2 ^ Xj^i^i-i > 0. 

This shows that Xj-i > for any j > I, I < i < n. Therefore, Et is the polyhedral realization of B(oo). 
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Next we determine when Xj-i = for j > 1, 1 < i < n. In the case ofm> 1, n < I < 2n — 1 for fmaixm-i) 
we have 

a^m+/-n+l:2n-i-l > Xm+l-n+l;2n-l 

and consider the cases that (to; Z) = (j'; 2n — 1), (j/ + 1; 2n — 2), • • • , (j + n — 1; n). Then we have 

> Xjj^n;l ^ Xj+na > ' ' ' > a;j_|_„.„_i > Xjj^n-n > 

and Xj+n;,; = for any j > 1, \ < i < n. This shows that S,, is the form of Theorem 13. 51 

□ 

Next, we give the polyhedral realization St[A] for A := X]fc=i ^k^k, where S Z>o, arc the fundamental 
weights. Here we set 



s(i-"-i)[A] 
5(")[A] 
SJA] 



• • • Sj,S,,S,^'\x) : fc > 0, 1 < * < n - 1, ji, • • • , jfc > 1}, 

{4. ■ • • SjJ,,\^'\x) : A: > 0, 1 < i < n - 1, ji, • • • , jfe > 1}, 
{S,, ■ ■ ■ 4%A(")(f) : A: > 0, ji, • • • , > 1}, 



S,, US^"-i)[A]US(")[A] 



= { frA^oa) : J > 1, < fc < 2n - 1} U • • • 4,S'j,A«(f) : fc > 0, 1 < i < n - 1, ji, • • • , > 1} 
^{Sj, ■ ■ ■ SjJ,,X^"\x) : A; > 0, ji, • • • , jfe > 1}, 
E, [A] {x G ZJA] : <y9(f) > for any ip £ SJA]}. 

In order to show that St [A] is the polyhedral realization of B(X), we give the explicit forms of S^^'" ^-'[A] and 
St"-* [A]. Since the Dynkin diagrams for An and i?„ are the same for 1 >i>n — 1, we give the explicit form of 
■^(i,n-i) result in \NZ\ as follwos: 



7(1, n-l) _ . . . _ ^ . 



-^1 : 1 < i < n - I, 1 <j <i}. 



(3.3) 



For giving the explicit form of ^1 , we define the "admissible patterns" for the integer sequence /ii , /i2 , • ' ' i Mfc j ' ' ' j 
for 1 < fc < n as follows: 



1 < /ii < n, 

< M2 < Ml - 1: 



(3.4) 



where if fik does not exist, we define /i^ = 0, and 



id (^1 = 1), 

•S/iiin-Mi • • • 'S'2;n-2'5'l;n_l (Ail>2), 
id (^fe = 0) 



for fc > 2, 



Sf_if.+k-2;n-tJ.k + l ■ ■ ■ Skin-lSk-l;n {l^k > 1) 

^(M) for = (//!, Ai2,--- ,M/c,0,0,---). 

We prepare the symbol X as follows: 

X := 2xi.n-l - Xi;n- 

For convenience, we define 

I 2xj-i if i ^ n, 



Xj-i 



if i = n. 



(3.5) 



(3.6) 
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Theorem 3.6. Let /i = (/ii, /i2, • ■ • , /ife, 0, 0, ■ • ■ ) he the admissible pattern, 
(i) The forms (p^f^^X are given by 



(p^t^lX = ^{X^,^+k-l■n-^L^ - X^,^+k-l■n-^L^+l), (3.7) 
fc=i 



where 



L := max{k : 7^ 0}, 

L if HL = 1, 
L + l tf HL>2. 



I := 



(a) ^J"^ is the set of all linear forms which are consisted by tp^^^X, where 11 are the admissible patterns. 

Proof (i) First, we give a remark. When /i^ - fik+i = 1, the terms X^fc+fe-i;„-pfc+i and in the 

sum (|3.7f) are canceled as —Xfj^i,^k-i;n-^ik+i + Xi-ik+i+k-n-fj.k+i ~ 0. We show the theorem by the induction on 
= /xi + ^2 H h for /X = (/zi,/X2, • ■ • ,/ij,0, 0, • ■ • ). 

If = 1, then / = 1 and the sum of right hand side of H3.7|l is Xi-n-i — Xi-n — 2xi;„_i — xi-n and equal to 
if^'^'^X by H3.5|l . We assume that \^\ = /ii + ^2 H — ■ + m = k — 1 ior fi = (^1, /12, • ■ ■ , /ij, 0, 0, • ■ • ). We consider 
the two cases: I) /Lti — > /Xi + 1, II) "/ii+i — 0" "/^i+i = !"• 

I) iii^ + 1. 

In this case, I ~ i + 1 and we note that 1 < /ii < ^i-i — 2 by admissible pattern of /x and the term ^;^j+i-i;n-^ii 
in the sum l|3.7|l is not canceled. We set /x' :— {fii,fi2, ■ ■ ■ , /ii + 1, 0, 0, ■ • ■ ). We have 

The right hand side of (|T7|) is 

I 



+ 1J 



fc=l 



(^/^i+i— l;n— /^i ^^ii+i— l;n — + 1 ^/^^ +i;n — — 1 ^" ^/ii+i;n— /i^ ) 
II) = 0" ^ >,;+! = 1". 

We set /i' := (/ii,/i2, • • • ,/ii, 1,0, • • •) {i.e. /ii+i = 1) and then I = i + 1. By the admissible pattern of /i, we 
have < /li+i < /ii — 1. This shows that /ii > 2 and the term Xi-n in the sum (|3.7|l is not canceled. We have 

The right hand side of (|3.7|) is 

I 



fe=l 

= ^^(^/^fc+fc-l;n-/jfc — ^/jfc+fc-l;n-/jfc+l) ^ (-'^i:n ^ Xi+l;7i-l + ^i+l;n) 

fc=l 

(ii) We sufficiently need to show that is closed under the actions of all Sj-^i. We set for 1 < fc < / + 1, 
/i= (/ii,/^2,--- ,/i;,0,0,---), /i+ = (/ii,/^2,-- - ,/^fc + l,-- - ,/^i,0,0, •••), 
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M = (Mi,M2,--- ,Aife-l,--- ,M/,0,0,---)- 
Then we have 

if (j; i) = (^j. + fc _ 1; n - /ife) and - fik ^ 1, 

if (j; i) = (^fe + fc - 1; n - /ifc + 1) and ^ifc - Mfc+i 7^ 1, 
(/jt^'X other wise. 



□ 



Therefore, l satisfies the strict positivity assumption by the exphcit forms of ^t^'" and By the 

Lemma [2 .61 this shows that 

2(i,n-i) [X] = {A, + Xj.,,^j - xj,,^j+i : 1 < i < n - 1, 1 < J < ^}, 

I 

Sf"'' W = {^n + ~ ^t^k+k-ivn-iik+i) ■ M are the admissible patterns } 

fc=i 

by \d.'S\i . (|3.7|l and SJA] is the polyhedral realization of B{X). 
3.2 Cn case 

We consider the case of type C„. First, we give the polyhedral realization of B{(X)). We define for j > 1, < 
k<2n-l 

{id {k = 0), 

Sj-kSj-k^i ■ ■ ■ Sj.2Sj.i {I < k <n-l), 

Sj+k-n;2n-kSj+k-l-n;2n.-k+l ' ' ' Sj + i-^n-lSj-^n'Pj;n-l {u < k < 2n — 1). 



Lemma 3.7. 



' Xj-k+i - Xj+i-k (0<fc<ra-2), 

2Xj-n — Xj-^i-n~l (k = n — 1), 

Xj + l;n-l -2Xj+i-n {k = n), 

^Xj+k-n+l;2n-k-l — Xj+k-n+l-2n-k (n + 1 < fc < 2n — 1). 



Proof. By the induction on k. The case of A; = is trivial. 
Case I) 1 < fc < n - 2. 
If fc = 1, we have 

SrAxj,i) = Xj,i - {xj,i - Xj.2 + Xj+i-i) 

If 1 < fc < n — 2, we assume that ifj;k-i{xj.A — Xj^k ~ Xj^i-k-i- Then we have 
Sj-kfjik-iixj-i) — Sj-k{xj-k ~ Xj+i-k-i) 

— Xj-k — Xj + l-k-l — (Xj:k — Xj-k+1 — Xj-i-l-k-1 + Xj + l-k) 

— Xj-k+l — Xj+l-k 

= (Pr,k{xj-i). 

Case II) k = n — l,n. 
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If A; = n — 1, using the result of Case I), we have 
and then if k = 

— 2Xj;7T, — Xj-^\-^ji—i ~ 2,{Xj-^fi *^j + l;n— 1 ^~ '^j + l;n) 

— -^j + l;?!— 1 ^Xj-\-\-fi 
= ^j;n{Xj-l). 

Case III) n + 1 < fc < 2n- 1. 

If A; = n + 1, using the result of the case of fc = n, we have 

Sj+l;n-lfj;niXj-^l) — S'j + i;„_i (a;j + i;„„i — 2Xj+l;„) 

= Xj + Un-1 ^ 2Xj+i-n — (a;j + l;n-l — 2Xj+i-n ^ 2^j+2:n-2 + 2;j+2;ri-l) 
= Xj+2:n-2 ~ Xjj^2;n-1 
= <y^j;«+l(2;j;l)- 

If n + 1 < A; < 2n — 1, we assume that ipj.k~i{xj-i) = Xj+k-n;2n~k — Xj+k-n;2n-k+i- Then we have 

Sj+k-n;2n~k^j:k~l{Xj-l) — Sj+k-n;2n-k{xj+k-n;2n~k " a^j + fe-n;2n-fc+l ) 

— X j+k—n\2n—k ^j + fc— n;2n— /c+1 

-^{Xj+k-n:2n-k ~ Xj-\-k~n;2n-k+l ^ Xj+k-n+l;2n-k-l + Xj+k-n+l;2n-k) 
= Xj + k-n+l;2n-k-l ^ Xj-^-k~n+l;2n-k 
= <fj;kiXj-l). 



□ 



Lemma 3.8. ipj-k{xj-^i) is closed under the actions of all transformations Sm;i for any m > 1,1 > 1. 

Proof. Using the definition of (pj-k (|3.8|l and the formula (|3.8|) in Lemma 13.71 if fc = 0, ipj-Q — id and we have 



o . ^,^1 /<Pj;i(a;j;i) if (m;l)^{j;l), 

I Xj-^i other wise. 



Ifl<fc<n— 1, we have 



{^j-k~i{xr,i) if {m;l) = (j;fc), 
(Pr,k+iixj;i) if {m;l) ^ {j;k + l), 
Vi;k{xj-^i) otherwise. 



If n < fc < 2n — 1, we have 



•fj:k-i{xj-i) if {m;l) = {j + k - n;2n - k), 
Sr,i-i{Vj-k{xj-i)) = ipj-k+i{xj-i) if {m;l) = {j + k - n + l]2n - k - 1), 
fjikixj-i) otherwise. 



□ 
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Now, we define 

:= { (pj-k{xj-i) ■■ j > 1, < k <2n ~ I}, 
{xeZ'j^l (p{x) > for any (p EE,}. 

Theorem 3.9. Polyhedral realization of B{oo) for type Cn is described as below: 

= for j,i ^ [l,n], 
Xi-i > X2-i-i > • • • > Xi-i > for 1 < i < n — 1, 

> • • • > Xn.j > for l<j <n-l, 

Xj-n-j + l > Xj-n-j+2 > ' ' ' > Xj-n-1 > '2Xj-n > for 2 < j < n. 

Proof. We shall show that is the polyhedral realization of B{(x) and check the conditions of Theorem 13. II 
St is closed under the action of by Lemma |3.15l The coefficients of Xi-i {i = 1,2, •■ • ,n) are positive for 
(/3 e by Lemma IT7I This shows that l satisfies the positivity assumption. 

We shall show that all entries of x G are nonnegative. In the case of m > 1, < ^ < — 2 for (pm-i{xm;i)i 
we have 

X,nd+1 > Xm+l;l 

and we consider the cases that (to; I) — {j-.i — 1), {j + l:i — 2), ■ ■ ■ , {j + i — 2; + i — 1; 0), then we obtain 

Xj-i > Xj + i-i^i > ■ ■ ■ > Xj+i^2-2 > Xj+i-i-i > 0. (3.8) 

This shows that Xj-i > for any j>l, l<i<?i — 1. Similarly, for any j > 1 and I = n — 1, we have 

2Xj.n > Xj+i-n-l (> 0). 

This shows Xj-n > for any j > 1. Therefore, is the polyhedral realization of B{oo). 
On the other hand, in the case of (m; I) = {j + n — 1; n) for (pm;i{xm-i), we obtain 

Xj~\-n-^n — l ^ ^Xj-^n-^n 

and in the case ofm> 1, n + 1 </<2n— 1, we have 

Xm+l-n+l:2n-l-l > Xm-i-i^n+l;2n-l ■ 

We consider the cases that (to; I) = {j; 2n — 1), {j + 1; 2?! — 2), • • • , (j + n — 2; ?i + 1), then we have 

^ Xj-^n-^l ^ ^ ' ' ' Xj-^n\n — 2 ^ -^j+nin — 1 2Xj"^7^;7^ ^ 0. 

This shows that Xj+n-.i = for any j > I, I < i < n. 

□ 

Next, we give the polyhedral realization SJA] of B{X). We prepare the following symbols: 

X := a:i;„_i - a;i:„, (3.9) 

Xr. ■= \T (3.10) 
I 2xj-n 11 I = n. 

Then, we can show that the polyhedral realization St [A] is given by the replacing Xj-^i of i3„ with Xj.^i. 
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3.3 D„ case 



We consider the case of type D„. First, we give the polyhedral realization of B{qo). We define for j > 1, < 
k<2n-2 



id {k = 0), 

Sj-kSj-k-i ■ ■ ■ Sj;2Sj;i {0 < k < n), 

^Sj+k-n;2n-k-lSj+k-l-n;2n-k ' ' ' Sj+2;n-3Sj+l;n-2Vj;n (n + 1 < < 2n — 2). 

id {k = 0), 

Sj-kSj-k-i ■ ■ ■ Sj-2Sj;i (1 < fc < n - 2), 

Sr,nf'y,n-2 {k = n-l), 

Sr,n-2ip'j.n-l {k = n), 

^Sj+k-n;2n-k-lSj+k-l-n;2n-k ' ' ' Sj+2;n-3Sj+l-n-2Vj-n {n + 1 < k < 2n — 2). 



Lemma 3.10. 



Xj-k+1 - Xj+uk 

*^'j;n— 1 "^j^n ~~' •^j-\-l;n—2 



(0 < fc < n-3), 
(fc = n-2), 
(fc = n-l), 

(fc = n), 



Vj;kiXj;l] 



Xj+k-n+l;2n-k-2 - Xj+k-n+l;2n-k-l (n + 1 < fc < 2n - 2). 

2^j+l;n (k = TL 1), 



other wise. 



Proof. Wc shall prove the case Lpj-^k by the induction on k since the other case can be proved by the same 
argument. The case of A; = is trivial. 

Case I) 1 < A; < n - 3. 

If A; = 1, we have 

Sj;\{Xj.^l) = Xj-i - {Xj-i - Xj.2 + Xj+i;i) 
= Xj.2 - Xj+i;! 

If 1 < A; < n — 3, we assume that ipj-k-i{xj-i) = Xj-k — xj+i-k-i- Then we have 

Sj;k^j;k-l{Xj;l) = Sj-k{Xj;k — Xj + l-k-l) 

= Xj-k — Xj+l-k-l — {Xj;k — Xj-k+l — Xj+i-k-l + Xj+i-k) 
— Xj-k+l Xj-^i.^k 

= iPj;k{Xj;l). 

Case II) A; = n — 2, n — 1, n. 

If A; = n — 2, using the result of Case I), wc have 

Sj;n-2'fij;n-3{Xj;l) = Sj-n-2{Xj-n-2 — Xj+i-n-d) 

— Xj-^n—2 '^^ + l;n — 3 (-^j;/!— 2 ^j;n— 1 Xj-n + 3 Xj-^i.ji—2^ 

— Xj-n—1 ~t~ Xj-^n Xj-^-i.ji — 2 
= Vj;n-2iXj;l), 
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and then if A; ^ n — 1, 

Sj-^n—l^j;n—2{Xj;l) — Sj-^ri—l{Xj;n—l H" ^j;n ^j-\-l;n—2) 

— ^j',n—l ~l~ ^j;n •^j-\-l;n—2 {_^j;n—l ^j-\-l;n — 2 ~i~ •^J4-l;^^— l) 

^_7;n ^_7+l;n— 1 
= ^j;n-l{Xj-l). 

If A; = n, then we have 

1 ) ^j;n{,^j;n j-\-l:n—l') 

— ^j;n ^j-\-l\n — l {^'^j\n ^j-\-l\n—2 ~\~ Xj-\-l\n) 
= Xj-\-i-^-ri—2 Xj-\-l;n—l ^j-\-l;n 

Case III) n+l<k<2n-2. 

If fc = n + 1, using the result of the case oi k = n, we have 

~{Xj+Un-2 — — Xj+l;n — Xj+2;n-3 + Xj+2;n-2) 

= ^j+2;n-3 ~ Xj-^.2■,n-2 

If n + 1 < fc < 2n — 2, we assume that (pj-k-i{xj;i) = Xj+k-n;2n-k-i — Xj+k-n;2n-k- Then we have 

Sj+k-n;2n-k-lfj;k-l{Xj;l) = Sj+k-n:2n-k-l{Xj+k-n;2n-k-l — Xj+k-n;2n-k) 

Xj-{-k—n;2n—k—l Xj^k—n;2n — k 

— {Xj+k-n;2n-k-l — Xj+k-n;2n-k — Xj+k-n+l;2n-k-2 + Xj+k-n+l;2n-k-l) 
= Xj+k-n+l;2n-k-2 — Xj+k-n+l;2n-k-l) 
= ^j;k{Xj;l)- 

□ 

Lemma 3.11. The set of ipj-k{xj-i) and ^'j-k^Xj-i) is closed under the actions of all transformations Sm;i for 
any m > 1,1 > 1. 

Proof. First, we consider the action of Sm;i to ipj-k{xj;i)- If fc = 0, <^j;o = id and we have 

Sm;l{Vj;o{Xj;l)) 

If 1 < A; < n — 3, we have 



^j;i{xj.i) if {m;l) = (j;l), 
Xj-i other wise. 



Sm-Afj-MXj;!)) = < 

If A; = n — 2, we have 



ipj-k-i{xj-i) if {m;l) = {j;k), 

'Pj;k+i{xja) if (m; I) = {j; k + 1), 
^</?j;fc(a;j;i) otherwise. 



' (fij-n-sixj-i) if (to; = (j + 1;" - 2), 

(pj.n-i{xj-i) if (to; I) = 

'P'j-.n-iixrA) ("^;0 = 

^ipj-n-2{xj-i) otherwise. 



^}m;im;n-2{Xj;l)) = S , , ^ / n ^- ^ i^-^^) 
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If fc = n — 1 , we have 



^j:n~2{Xj.i) if (to;0 = (j + 1), 
Sm;l{(Pj-7i~l{Xj-l)) = ■{ (pj-niXj-l) if {iTL] I) = {j ] n) , 

(fj-n-i{xj-i) otherwise. 



If fc = n, we have 



' ipj-n-iixj-i) if {m;l) = {j + l;n), 

'P'j;n-i{xj;i) if {m-l) = 

ipj.„+i{xj.i) if {m;l) = 

^Vj-n{xj-i) otherwise. 



' ipj.^n+i[Xj-i) if {m;l) = [J + l;n-2), 



If n + 1 < fc < 2n — 2, we have 



{ipj-k-i{xj,i) if {m;l) = {j + k - n + l;2n - k - 1), 
(Pj-^k+i{xj-i) if {m;l) = {j + k - n + l;2n - k - 2), 
'Pj;k{xj-i) otherwise. 

Next, we consider the action of Sm-i to ip'^.i^^Xj-i). Since the difference of ipj-k{xj-i) and f'j-k{xj;i) is only 
the case of fc = n — 1 and by H^.llfl , (|3.12|) , we consider the case of fc = n — 1 . 



^'r,n-2{xr.i) ^r,n-2{xr.i)) i^'J) = (j + 1;'^). 



if (m;l) = {j;n - 1), 
other wise. 



□ 



Now, we define 



' — 'L 
' — 'L 



= { (pj;kixj-i) : j > 1, < fc < 2n - 2}, 
= {xj-n^i : j > 1} U {xj.,i : j > 1}, 



s' u s" 



{ f e Z'^ : ip{x) > for any (p e ^,}. 



Theorem 3.12. Polyhedral realization St of B{oo) for type Z?„ is described as below: 



= for j ^ [1, n — 1] or i (jz. [1, n]. 



X\-^i > X2-^i~\ > • • • > > for 1 < i < n — 2, 

Xj-n^\ + Xy^n > Xj+i.n^2 > Xj+2-n~3 ' ' ' > Xn~l;j > for 1 < j < fl - 2, 
> • • • > Xj.n-2 > Xj-n-l + Xj-n > for 2 < j < n - I, 

{Xl-,n-l ^ a^2;n ^ a^3;Ti-l ^ X4-n > ' ' ' > a^ri-l;™ > 
Xl-n > X2-n-l > X^-n > X^-n^i > ■ ■ ■ > Xn-l-n-1 > 

/ J a;i;n-l > X2;n > X^-n-i > X^-n > ■ ■ > Xn~l;n-1 > 
\ \xiyn > X2;n~l > X^-n > Xi-n-\ > ■ ■ > Xn-l;n > 

Proof. Since St is not closed under the action of 5^, we shall show that 

(i) Et is closed under the action of fi, 

(ii) El is closed under the action of e^, 
(Hi) all the entries of x £ are nonnegative 
(These shows that E^ is the polyhedral realization of i?(oo)). 
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{iv) St is the form of Theorem 13. 121 

(«) We show that S,, is closed under the action of fi. 

Note that l satisfies the positivity assumption by Lemma |3. Ill Let x — (• • • ,X2,xi) € and i E I, and 
suppose that fiX = (•■•, Xfe + 1, 2:2, xi) for ik — i- We need to show that 

ifif.x) > 

for any ip — '^^PjXj £ S^. First, we consider the case of G S'. Since f{fix) — ip{x) + ipk, it is enough to 
consider the case when ip^ < 0. Since t satisfies the positivity assumption, we have > 1. By ^T^ . we have 
ak{x) > af.{-){x) and by (|2.9|) . we conclude that 

Pk(-} (^) = <^k(-) (^) - crfc(^) < -1- 

It follows that 

(fiifiX) = Lp{x) + tpk 

> Lp{x) - 1 ■ (3ki-){x) 

= [Sk^m (3.13) 

> (3.14) 

since Sk^p € S^. This shows that is closed under the action of fi for (/? e S'. 
Next, we consider the case oi (p = Xj-n-i S S". We have 

(pifiX) = Xj-n^i + 1 

> 0. 

The case oi ip = Xj-n S 5'' can be poved by the same argument. 

(m) We show that is closed under the action of e^. 
We need to show that 

ip{eix) > 

for any </? G S^. First, we consider the case of (/? G S'. 

Since ip{eix) = f{x) — (pk, it is enough to consider the case when (pk > 0. By (|2.5() . ak{x) > (Tki+) i^) ^^id by 
1)2. 9|l . we conclude that 

f3k{x) = (Tk{x) - ak(+) (x) >1. 

It follows that 

(fiieix) = ip{x) - ipk 

> ipix) - I ■ Pk{x) 
= {Skf)ix) 

> 

since Sk^p & 5'. This shows that is closed under the action of Ci for (p G S'. 
Next, we consider the case oi (p = xj-^n-i G S". It follows that 

((5(eif) = Xj.n^i{x)~l 

> Xj.n^i{x) - 1 • f3j.n-lix) 
— iSj;n—lXj-^n~l){x) 

> Xj+i-n{x) (by Lemma VS.W}! 

> {by Xj+i-n G S;'). 

The case of 1^9 = Xj-n G S" can be poved by the same argument. 
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(Hi) We show that all the entries of x £ are nonnegative. 
In the case of m > 1, < Z < n — 3 for <Pm;i{xm;i) , we have 

Xm;l+1 > Xm+l-l, 

and we consider the cases that (m; I) = {j; i — 1), (j + 1; i — 2), • • • — 2; 1), {j + i — 1; 0), then we obtain 

Xj-i > Xj+i-i-l > ■ ■ > Xj+i-2-2 > > 0. (3.15) 

This shows that Xj-i > for any j>l, l<i<n — 2. By the definition of S", we have xj-^n-i and xj-^n > for 
j >1 and these shows xj-^n > for any j > 1. 

{iv) We determine when xj-i = for j > 1, 1 < i <n. 

In the case of m > 1, n + 1 < Z < 2n — 2 for (Pm;i{xm;i) , we have 

Xm+l-n+l;2n-l-2 > Xm+l-n+l;2n-l-l 

and in the case of I = n, 

Xm+l;n-2 > Xm+l;n-l + Xm+l;n > (".■ Xm+l;n-l > and Xm+l;n > 0). 

We consider the cases that (m; I) = (j; 2n — 2), (j + 1; 2n — 3), • • • , (j + n — 2; n), then we have 

> Xj+„_i;i > Xj+„_i;2 > • • • > a;j-|-„_i;„_3 > Xj+„_i;„_2 > Xj+n-l;n-l + 2;j+„_l;ra > 0. 

Combining Xj+n-i;n-i > 0,a;j+„_i;„ > this shows that Xj+n-i;i = for any j > 1, 1 < i < n. 

□ 

Next, we give the polyhedral realization SjA] of -B(A) for A := Y^=i ^k^k, where Afe e Z>o, are the 
fundamental weights. Here we set 



'-(l,n-2) 


= {Sj. 


• • • Sj2Sj^^^'\x) :k>0, 1 < i < n - 2, ji, • • 


,jk > 1} 




= {Sj, 


•••5,.5,-,e("-^)(x):fc>0, ii,---,ife>l}, 






= {% 


•••5j,^,,e^")(f):fc>0, ji,---,.ife>l}, 




S^"-2)[A] 


= {4. 


■ • • Sj^S^,X'-'\x) : fc > 0, 1 < « < n - 2, ji, • • 


• ,ifc > 1} 


S("-1)[A] 


= {4 


■••44A("-i)(,x):fc>0, .n,---,jfe>l}, 




S(")[A] 


= {s,. 


•••4,%A(")(f):fc>0, > 1}, 






= u 


S^"-2)[A]US("-i)[A]US(")[A] 





= { 'PrAxj-A) : J > 1, < < 2n - 1} U {5^-, • ■ • SjJj,X^'\x) :k>0, 1 < i < n - 2, ji, ■ ■ ■ ,jk > 
U{4 ■ • • 44A("-i)(f) : > 0, ii, ■ • • > 1} U {Sj, ■ ■ ■ SjJj,X^"\x) : k > 0, ji, ■ ■ ■ ,jk > 
SJA] := {x e ZJA] : (^(x) > for any ^ G SJA]}. 

In order to show that SJA] is the polyhedral realization of B{X), we give the explicit forms of St^'"~^^[A], 
St"~^^[A] and St"''[A]. Since the Dynkin diagrams for A„ and Z)„ are the same for 1 < i < n — 2, we give the 
explicit form of as follwos: 

S(i."-2) = _ xj,i_j+i :l<i<n-2, l<j <i}. (3.16) 

For giving the explicit form of S^""^^ and St"\ we define the "admissible patterns" for the integer sequence 
Ml, M2, • • • , Mfe, • • • , for 1 < fc < n — 1 as follows: 

1 < Ml ^ ^ ~ 1; 
< M2 < Ml - 1, 

(3.17) 

< Mfe < Mfe-i - 1, 
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where if /i^ does not exist, we define iik = 0, and 



5'(A''fc) 




= 1), 

• • • *5'2;ri-3'S'l:n-2 (M1 > 2), 



■ 'S'fc+l;n-3'5'fe;Ti-2'5'fc-l;n 

■ 'S'fc+l;n-3'5'fc;n-2'5'fc-l;n-l 



(m') ._ 



S(Mk)...si^2)si^i) for ^ = (^i,^2,--- ,Mfc,0,0,---) 



(^/fe - 0) 

{^k > 1 and fc : even ) for fc > 2, 

(/ife > 1 and fc : odd ) 

i^^k = 0) 

{^k > 1 and fc : odd ) for fc > 2, 

(/^fc > 1 and fc : even ) 



We prepare the symbol X as follows: 



For convenience, we define 



Xj-i 



X 
X' 



Xl-n-2 



'j;n 


if j : even and 


i = n — 1, 


'j;n~l 


if j : even and 


i — n, 




other wise. 




'j:n 


if j : odd and 


i = n — 1, 


'j;n-l 


if j : odd and 


i = n, 




other wise. 





(3.18) 
(3.19) 



(3.20) 

(3.21) 
(3.22) 



Theorem 3.13. Let ^ = {^1,^2, • • • , M/c, 0, 0, 
{i) The forms ip^^^ X are given by 



■ ) be the admissible pattern. 



where I :— max{k : fik ^ 0}- 

(ii) The forms ip^f^ ^X' are given by 



if Mi = 1, 
if fii > 2. 



(3.23) 



El I VI _ VI \ 

k=l\ Ufc+fc-l;ri-/ifc -1 Ufc+A;-l:n— Ufc / 



if A*! = 1, 



(3.24) 



where I :— max{k : fi'^. ^ 0}. 

[iii) St" (resp. s["''j is the set of all linear forms which are consisted by (p^^^^ X (resp. (p^^^ ^X'), where jj, 
(resp. /i'j are the admissible patterns. 

Proof. We shall show (i), the case (ii) can be proved by the same argument. First, we give a remark. 
When ^k - fJ-k+i = 1, the terms X^^+fe_i;„_^^ and Xfj,^^^+k;n-fj.k+i-i in the sum H3.23|l are canceled as 

-Xf^^+k-i-n-^ik + -'^A'fc+i+fc;n-A'fc+i-i = 0- We show the theorem by the induction on |^| = + ^2 H K A^i 

for = (/ii,^2,--- ,A^j,0, O,---). 

If — 1, then / — 1 and the sum of right hand side of H3.23|l is Xi-n-2 — Xi-n-i — xi-n-2 ~ a^i:n-i and 
equal to (fi^f^^X by (|3.19(l . We assume that |^| = /^i + /X2 + ■ • • + /ii = fc — 1 for ^ = (^1, /i2, • • • , /^i, 0, 0, ■ • • ). 
We consider the two cases: I) fii + II) "/ii+i = 0" "A^i+i — 1"- 
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I) /ij fit + 1. 

We shall prove the case fii — 1, the case fii > 2 can be proved by the same argument. We have I — i and note 
that 1 < /ii < /ii-i — 2 by admissible pattern of /i and the term Xf^.^i^i-„-p,--i in the sum H3.7|) is not canceled. 
We set ii' := (^i, /i2, • ■ • , /ii + 1, 0, 0, • ■ • ). We have 

The right hand side of is 



fc=l 

; 



fe=l 



II) = 0" ^ = 1". 

We set /i' :— (/ii,/i2, • • • lA'i, 1,0, • • •) («.e. /i^+i = 1) and then I = i + 1. By the admissible pattern of /i, we 
have < iJ-i+i < ^J■^ — 1- This shows that /z; > 2 and the term Xi-n in the sum H3.23|l is not canceled. If i is 
odd, then we have 

The right hand side of (pH^ is 



Si■nC^^{XfJ_^-^-k-l■n-flk-^ X^^ + k-l-n-fj.^) + Xi-n) 



k=l 

I 

— ^~^("^Mfc+fc-l;K-;jfc-l ~ ^/jfc+fc-l;n-/ifc) + X^n — (^i;n " ^i+l;n-2 + 

fe=l 

If i is even, we can prove II) by the same argument. 

(iii) We sufficiently need to show that S^" is closed under the actions of all Sj-^i, the other case can be proved 
by the same argument. We set for 1 < k <l + \ 

M= (Aii,M2,--- ,^J■k,■■■ ,M^0,0,---), = (Aii,M2,--- ,Aife + lr-- ,M/,0,0, •••), 
= (Aii,Ai2, • • • ,^lk~l,■■■ ,Af/,0,0, • • •)■ 
Then we have 

if (j;i) = (^fc + fc - l;n - /^fc) and ^k-i - fJ-k ^ ^, 
ipiM )x if (j;i) = (/ifc + fc - l;n - /ife + 1) and fik - fJ-k+i ^ ^, 
(^(^'X other wise. 

□ 

Therefore, i satisfies the strict positivity assumption by the explicit forms of s[^'" and S^"''. By 

the Lemma [2.61 this shows that 



2(i,n-2)j^j = {A, + a;,;,_, - : 1 < i < n - 1, 1 < j < i}, 

'^t'°''[A] = {Afe + ^{x) : ip{x) e S,^*^-' : fi are the admissible patterns } for = rt — 1, 

by HH.16|I . (|3.2^^(l and SJA] is the polyhedral realization of B{X). 
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3.4 F4 case 

We fix the t as follows: 

We define 



(••• ,4,3,2, 1,... ,4,3,2,1,4,3,2,1). 



St := {Smi---Sm2Srmixj-i) ■.l>0, mi,--- ,mi>l, l<j <6}, 
T., := { X e I ip{x) > for any ipeE,}. 

Using Theorem 13.11 we shall give the polyhedral realization of B{oo). We give the explicit form of by 
direct calculation and show that the polyhedral realization of B{oo) is equal to along the following three 
steps: 

(i) We check the positivity assumption, 

(ii) For X = {- - - , xi-2, xi-i) G St, we check that Xj-i > for all i, j > 1, 
((i), (ii) shows that is the polyhedral realization of B{oo)), 

(iii) We determine when Xj-i = for convenience. 

Theorem 3.14. We give the explicit form of the as follows: 

Xj-i Xj.2 - 2xj.3 - Xj+ia 2xj.i - Xj+3.1 

Xj+1;2 — '2Xj+i-4 Xj+2;2 — Xj+3-2 Xj+2;1 — Xj+4-i 2Xj+2;4 — Xj+4-2 
Xj+3;1 — Xj+3-4 Xj+4-2 — 2Xj+4;3 2^j+5;l — Xj+5-2 ~a;j+6:l 
2Xj.A + Xj+U2 - 2Xj + i:3 2Xj-^4 - Xj+2;1 " Xj+2;2 2x^ + 1-3 - 2Xj+U4 ~ Xj+s-i 

Xj+2;1 + Xj+2;2 - 2Xj+2;3 2Xj+2;2 - 2Xj+2;3 ~ Xj+3-^i Xj+2;l + Xj+3-,l ~ Xj+3-2 
2Xj+2-3 + Xj+3;1 ~ 2Xj+3.2 2Xj+2-A + ~ 2Xjj^3.^3 2Xj+2;3 " Xj^3-2 ~ a;j+4;l 

Xj^2;2 — a;j+3;l — Xj+4-i Xj+3-2 — 2Xj+3-4 — Xj+4-i 2Xj+3-3 ~ 2Xj+3.4 — Xj+4-2 
2Xj + i-^3 + Xj+2;l - 2Xj+i.4 - Xj+2;2 2Xj+2-A + ^j+3;2 - 2Xj+3.3 - Xj+4-^i 

(i) By the forms of Et, coefficients of xi-i, xi-2, xi-3, xi-4 are positive. This shows that "positivity assumption" 
is satisfied. 

(ii) We assume Xj-i > for any j > 1. We show that Xj-2, Xj-3, Xj-4 > for any j > 1. By the results of (z), we 
have 

Xj;2 > Xj+1-,1, 2Xj;3 > Xj + i;2, 2Xj;4 > Xj+3;i. 

Then we have Xj-2 > for j > 1 since Xj-2 > Xj+i-i. Similarly, we obtain Xj-3 > 0, Xj-4 > for j > 1 since 
2a;j;3 > Xj+i-2, 2xj-4 > Xj+3-i respectively. These (i), (ii), (iii) shows that is the polyhedral realization of 
B{oo). 

(iii) We determine when Xj-i = 0. By the forms of E, and (ii), we have 

> Xj+e-i > 0. 
This shows Xm-^i = for m > 7. Similarly, we obtain 

Xm-2 = 0, Xm;3 = 0, Xm-4 = for TO > 7 

since Xj+^-i > Xj+5-2, Xj+4-i > Xj+4-3, Xj+3-i > Xj+3-4 respectively. In particular, the parameter j in 5^ is 
1<J<6.' 

Next, we give the polyhedral realization of B{X) for A := AiAi + • ■ • + A4A4. Here we set for 1 < « < 4 



5« {S,, - ■ - 5,.5,,e«(f) : fc > 0, ji, ■ • ■ ,jk > 1}, 

{Sj, ■ ■ ■ 4.4A«(f) : fc > 0, ji, ■ • ■ > 1}, 
St [A] := StUSW[A]U...USW[A] 
Et[A] := {x e Zt[A] : Lp{x) > for any G St [A]}. 
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In order to show that St [A] is the polyhedral realization of B(\), we give the explicit forms of for 1 < i < 4 
by direct calculation as follws: 



^(1) 

^(2) 
^(3) 



{Xl-l - Xl;2, 



xi-2 - a;i;3 
xi-A - a;3;4 

- X5;3 
a;i;3 + X2-1 - X2-2 
Xl-i + X2-i - X^.-i 
X2-2 - X2-i - X'i-i 
X2-Z - X2-A ~ Xz-A 



Xl-i - Xz-i 

X2-A - a;5;i 
-x^-i 

Xl-i + X2-1 
X2-A + 2^3:2 " 
2X2-^ - X2-A 
2^3:3 - 2^3:4 



X2S 
Xi:l 



X2A 
Xi:d. 



X2;'i 
Xi:d. 



2;3;3 

Xh-a 



' X2--i 

2a;3;3 

- Xz-2 
' X^-l 



X\ 
X2 
X-i 
X4 



4 + X2-3 - X3 



Xi-1 
X3;3 
2^4:3 



Xa 
X3 
X5 



a;i;4 + X2;2 ~ X2-3 ~ X3.Y X3.;i + X^-A - ^3:4 " 2;4:2 



7(4) _ 



a;i;3 - 2:i;4 

a;3;3 - 2:4;3 
a;5;3 - 2:6;2 
a:2;3 + X3.1 ~ X3 
X2;4 + X3A — X4 
X3;2 - X3A - Xi 
X3;3 - X3A - X^ 

X2-A + a;3;2 - 



X2 
X2 
X5 



- X2-3 

- Xa-A 
~ X%-3 

X2A + 2^3;! 
2;3;4 + 2;4;2 



2:2;3 - 2;4;1 

a:3;4 - X^-A 
-X^S;A 
X3;3 
2x^-3 



X3;\ 
Xm 



X3-A 
X-,-3 



2a;3;3 - a;3;4 - a::4;2 
a;4;3 - a;4;4 - Xf,.^ 

X3-,3 - XA-l Xi;3 + X5;i 



X2;i + a:3;3 
a;3;4 + X5.1 

x^a - a;4;3 

a;5;2 - a;5;3 

■ a;4;4 - x^a 



Xa-2 
X5:2 
Xi-A 

xe-.i 



Therefore, i satisfies the strict positivity assumption by the explicit forms of ^[^^ for 1 < j < 4. This shows that 

{Ai 



7(2) r 



Xl;l}, 

^[^^[^] = {^2 + a;i;i - a:;i;2, A2 - a::2;i}, 
2^')[A] - {Xk + Mx) ■■ fk{x) e for k 



3,4. 



by the Lemma [2. 61 and SJA] is the polyhedral realization of B{X). 



3.5 Eq case 

We fix the l as follows: 

We define 



i :={■■■ ,6,5,4,3,2,1,. •• ,6,5,4,3,2,1,6,5,4,3,2,1). 



{Smi ■ ■ ■ Srn2SrnAXr,l) ■l>^, mi, • • ■ , m; > 1, 1 < j < 8}, 

{ f e "Lf : (p{x) > for any G }. 



We give the explicit form of by direct calculation and show that the polyhedral realization of i?(oo) is 
equal to St along the following steps similar to the case of F4: 

(i) We check the positivity assumption 

(ii) For X = {• • ■ , a::i;2, S St, we check that Xj-i > for all i, j > I 

(iii) We determine when Xj-t = for convenience. 



Theorem 3.15. We give the explicit form of the ^t as follows: 
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Xj-1 Xj.2 - Xj+1-1 Xj;3 - Xj+i.2 Xj.4 - Xj+i-e 

Xj;6 — Xj+l-5 Xj+2;2 — Xj+2;4 Xj-5 — Xj+4-i Xj+s-i — Xj+s-Q 
Xj+2-3 — Xj+2-2 a^i+3;4 — Xj+i-z Xj+^-z — Xj+4-4 —Xj+4-5 
Xj-4 + Xj-fi - Xj+i-3 Xj-5 + Xj-6 - Xj+i-4 Xj.5 + Xj+2-2 ~ Xj+2;3 

< Xj-5 + Xj+3-i — Xj+3-2 Xj+2-fi + Xj+za — a;j+3;3 Xj+i-^3 — a;j+i;5 — Xj+i-^^, > . 

Xj+1;4 — 2:j + l;5 — Xj+4-^i Xj+2;3. ^ Xj+2;4 — a^j+4;l Xj+3-^2 — Xj+3-^Q — Xj+4-i 
Xj+3;3 - Xj+3-e - .Xj+4;2 •£j;5 + Xj + i-3 - Xj+1.4 - Xj+i-Q 
Xj+1-4 + Xj+2;2 — Xj+i-5 — Xj+2;3 Xj+i-4 + Xj+3-i — Xj+i-^ — Xj+3-2 
Xj+2;3 + Xj+3-\ — Xj+2;4 — Xj+3-2 Xj+2;6 + Xj+3;2 — Xj+3-^3 — Xj+4-i 

(i) By the form of S^, coefBcients of Xi-i, xi-2, xi.3, xi-4, xi-5, xi-q are positive. This shows that "positivity 
assumption" is satisfied. 

(ii) We assume xj-^i > for any j > 1. We show that Xj-2, Xj-3, Xj-4, Xj-^, xj-q > for any j > 1. By the form 
of St, we have 

Xj;2 > Xj+1-1, Xj;3 > Xj+1.2, Xj;5 > Xj+4.1, Xj-fi > Xj+i-^, Xj-4 > Xj+i-fi. 

This shows Xj-2 > for j > 1 since Xj+i-i > and similarly, we have Xj-3 > 0, Xj-^ > 0, Xj-Q > 0, Xj-^4 > for 
j > 1 since Xj-^3 > Xj+i-2, Xj-^^ > Xj+4-i, Xj-fi > Xj+i-^5, Xj-^4 > Xj+i-fi respectively. 

(iii) We determine when Xj-^i = 0. We have 

> Xj+4-5 > 0. 

This shows Xm;5 = for rn > 5. Similarly, we have Xjn-4 = for m > 6, x„i.3 = for m > 7, Xm;6 = for m > 7, 

Xm;2 = for m > 8, Xm;l = for 771 > 9 since Xj+3.4 > Xj+4;3, Xj+3-5 > Xj+4-4, Xj-4 > Xj+i-e, Xj-3 > Xj+1-2, 

Xj-2 > Xj+1-^1 respectively. In particular, the parameter j in runs 1 < J < 8. 

Next, we give the polyhedral realization of B{\) for A := AiAi + h \qKq. Here we set for 1 < i < 6 



5« 




:fc>0, Ji,-- - > 1}, 


:«[A] 




•••4%A«(x):fc>0, ji,---,jfe>l}, 






SW[A]U...US(6)[A] 




:= {x e 


ZJA] : ^{x) > for any ^ G SJA]}. 



In order to show that SJA] is the polyhedral realization of B{X), we give the explicit forms of ' for 1 < i < 6 
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by direct calculation as follws: 

^7(1) 
^^(2) 
^(3) 
^7(4) 



= {-xi-i}, 
= {xi;2 



Xl;3, X2-1 — 



-X3;l}, 



Xl;3 - X\-i X2-2 — X2-fi X\.Q — X4-1 Xa-i - Xs-Q X2-A — X4.2 X2-5 " Xa-q Xa-fi - X4 
X5;2 - X5-3 XQ;! - X6-2 -X7-1 

Xl;6 + X2;2 - X2-3 X\-fi + X3-\ - X3-2 X2;4 + X3-1 - X3-3 X2;5 + X3-1 - X3-^4 

X2;5 + X3;6 - X4.^3 

X2-3 - X2;6 - X4.1 X3-2 - X3-5 - X4-i X3-3 - X3-5 - X4-2 X3-4 - X3-5 - X4-6 
X4;3 - X4;4 - X4.Q 

X2;3 + a;3;l - X2-fi - X3.2 X2-4 + X3.2 - X3-3 - X4.i X2-fi + X3.2 - X3.4 - X4-1 
X2;5 + X3-3 - X3.4 - X4.2 X3.4 + Xs-q - X3.5 - X4.3 



X3;2 - X3.e 
X7;l - Xr;2 
X2fi + X4-1 ■ 



X4;l 



X2;6 - 2:5;! 
- X4-2 X3-4 + X4-1 



Xl-,4 - Xi-5 X2;3 - X2;4 
X4;6 - X5-4 X6;2 - a;6;3 

X2;6 +X3.2 " X3.3 

X3;5 + X4;6 " Xq-s 

X3;3 - X3-6 - X^-i 

X5;3 - X5;4 - X5;6 

X3;3 + X4;l - X3.6 - X4;2 X3;4 + X4.2 - X4.3 - X^-x 
X3-fi + X4.3 — X4.4 — a;5;2 X4.4 + X4.fi — X4.fi — X^.fi 



X4fi X3.4 - X5.2 X3.fi - X5 
X4;3 X3.fi + X4.1 - X4.4 
X4;2 - X4.fi - X5;i X4;3 - X4.fi - X5.2 X4.4 - X4.fi - X5.fi 



X3fi + X4.2 - X4.4 - X^-i 



Xl.fi - X\.fi X2.2 — X2.fi X\.^4 

X5;l - X5;4 X3.fi - X6;2 X5.fi 

X\.4 + a;2;2 - a:2;3 Xi.fi 

X2fi + X3.1 - X2.4 Xi.fi 

X3;l + X5.1 - X5.2 X2.fi 

X2;3 - X2fi - X4.1 X3;2 

X3;3 - X4.,2 - Xq-i X3;3 

X3;6 - X4fi - Xg;1 X5.2 
X2;3 +X3;1 - X2fi - X3.^2 

Xifi + X3.2 - xsfi - X4.1 

X2;4 + X2fi - X2.fi - X4.2 
X3;2 + X4;2 - a;4;l - a;4;3 
X2;4: + X3fi - X2.fi ~ X4.4 
X3;3 + X3.fi - X3.4 - X4.4 
X3;4 + X5.1 - X4.fi - X5.2 
X3;5 + X3.fi - X4.4 - Xg-i 
Xlfi + X2;6 + X3.1 - X3;3 

a;4;3 - x4.fi - x4.fi - xe-i 

X2;i + X2fi + X3;2 - X2fi 

xvfi + X2.,3 + a;3;i 

Xl.fi + X2fi + X3.^2 
X3;A + X3fi + a;5;i 
X2;A + a;3;2 - X2fi 
X2;4 + X3.3 - X2.fi 
X3fi + a;4;3 - X4.^4 



- X4.1 X3: 

-XQ.fi 

+ X2.,2 - X2 
+ X2.fi - X4 
+ X3.fi - X4 

- X4;l - X& 

- X3;4 - X4 

- a;5;4 - xe 

Xvfi + X2 
X3:\ + X3., 

xvfi + 
a;2;4 + X3., 

X3:4 + X4., 
X3fi + X4., 

X3-A + 2^3; 
a;4;4 + XS; 
X3-A + X3.fi 



3 - a;4;3 

-x%.,\ 

.4 Xi.4 
X2;l 
Xlfi 
X3;3 
X4;2 
X4;4 
X2-A 



X3;l — Xq-i X2.fi — X4.fi Xi.fi - X4 



3 - 2;3;4 

3 - X3fi 

4 - X2fi 
2 - X4.3 
2 ~ X4.3 
6 - a;4;3 
1 - X4fi 
+ X4.fi - 



+ 2:3;! ■ 

+ a:4;2 ■ 
+ a;3;5 ■ 

- a;3;6 - 

- x4.fi - 

- x4.fi - 

- X4;l 

- X3fi 

- X4.,2 

- X4;3 
~ X4.fi 

- X4fi 

- Xe;l 

- X5 fi 

- 2X4-3 



a;3;2 
a;4;3 
■ a;4;4 

X4fi 
X4fi 
X6.2 



Xlfi 
Xlfi 
X3fi 
X2;4 
X3;4 
X5;3 



X2-A + X3.1 

X2fi + a;3;2 
X2fi + a;3;3 

a;3;2 + Xs;! 
a^3;3 + X4.,2 
X3;b + a;4;2 

X3fi + a;5;i 
X3;b + X5.fi 
2x3-3 - X3 



+ X3.,l - 
+ X3.^4 - 

+ X5;1 - 

- X2fi - 

- X4.fi - 

- X5.4 - 

- X2fi - 

- X3;4 - 

- X3;4 - 

- X4.,l - 

- X5;l - 

- X4;4 - 

- X4;5 - 

- X5;3 - 
4 - X3.6 



X3;6 

X4;3 

X5;3 

X4fi 

X6.,l 

X6fi 
X3:.6 
X4:l 
X4fi 
X5fi 
X5fi 
X4fi 
X5fi 
X6;l 

- X4fi 



- X3.fi 


- X4;l 


X3fi + a;4;3 + 3^5;! 


- X4.4 


- X4.fi - X5.fi 


- X2;4 


- a;3;2 


X2;4 + X2fi + X3;i 


- X2fi 


- X3fi 


- a;3;3 


- X4;l 


X3fi + X3.fi + X4.fi 


- X4fi 


- X4.4 


- X4fi 


- X5fi 


X3;5 + X3fi + X5;i 


- X4;4 


- X5.fi 


- X3fi 


- X4;l 


X3fi + X3.fi ~ a;3;4 


- X3fi 


- X4;l 


- X3fi 


- X4;2 


X4;3 + a;5;l - X4;5 


- X4fi 


- X5.fi 


- X4.fi 


- xe-i 


X4;4 + X5.fi - X4.fi 


-X5.fi 


- Xq.^i 
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Therefore, l satisfies the strict positivity assumption by the explicit forms of for 1 < i < 6. This shows that 

SW[A] = {Ai-xi;i}, 

= {A2 + a;i;i - a:;i;2, A2 - 2:2;i}, 

= {A3 + a;i;2 - a;i:3, A2 + a;2:i - a;2:2, A3 - xsa}, 

Si'^^W - {Afc + (^fe(x) :(^fe(x) eSW} forfc = 4,5,6. 

by the Lemma [2 .61 and SJA] is the polyhedral realization of B{\). 

3.6 E-j case 

We fix the l as follows: 

i:= (••• ,7,6,5,4,3,2,1,... ,7,6,5,4,3,2,1,7,6,5,4,3,2,1). 

We define 

5i := {S*™, ...S'„i25'„ii(a;j;i) : ? > 0, TOi,... ,m; > 1, 1 < j < 9}, 
St := { f e : Lp{x) > for any ip eE^}. 

Theorem 3.16. We give the explicit form of the as follows: 

Xj-i Xj-^2 - + Xj;3 - Xj+i-2 Xj.4 - Xj+i;3 

Xj-5 — Xj+i-7 Xj-T — Xj + i-e Xj+2;3 — Xj+2-5 Xj-Q — Xj+r,.i 

Xj+3-2 — Xj+2;7 — Xj+5-2 Xj+4-i — Xj+4-Q Xj+3-5 — Xj+5-3 

Xj+3;6 - Xj+5-7 Xj+i-j — Xj+5;5 Xj+q-^s ~ Xj+Q.4 Xj+-j-2 - 
Xj+9,;1 — Xj+S;2 —Xj+Q-1 



Xj: b ~r Xj-y 


Xj+1-4 


Xj-fi 


+ - 


Xj + l-5 


Xj-,G 4 


- Xj+2-3 - 


- Xj+2-4 


Xj-G + Xj+3.2 - 


- Xj+3-3 


Xj.Q 4 


- Xj+4-i - 


- Xj+4;2 


Xj+2-.7 


+ Xj+3-.2 


- Xj+3-4 


Xj+2-7 + Xj+4-i 


— Xj+4-3 


Xj+3:5 + Xj+4-i 


— Xj+4-4 


Xj+3-fi 


+ Xj+4-i 


^ Xj+4-fi 


Xj+3;6 + Xj+4:;7 


— Xj+5-4 


Xj+l-A 


— 2:^+1:6 


- Xj+1-7 


Xj + 1-,5 


— Xj + l-fi 


— Xj+5-,1 


Xj+2;4: — Xj+2;5 


- Xj+5-l 


Xj+3;3 


- Xj+3;7 


— Xj+5-s 


Xj+3-,A 


- Xj+3-7 


— Xj+5-,2 


Xj+4;2 — Xj+4-() 


— Xj+5-1 


Xj+4;3 


— Xj+4-^e 


— Xj+5-^2 


Xj+4-4 


— Xj+4-Q 


- Xj+5-3 


Xj+4;5 — Xj+4-e 


— Xj+5;7 


Xj+5;4 


— Xj+5-^5 


- Xj+5-^7 








Xj-G + Xj+i-4 - 


- Xj + i-5 - 


- Xj + 1-7 




Xj + l-5 ~ 


^ Xj+2-.3 


— Xj+l-fi 


— Xj+2-,4 


Xj+l;Z + Xj+3-^2 


— Xj + i-fi 


- Xj+3-3 




Xj+2-,4 ' 


V Xj+3-,2 


- Xj+2-,5 


- Xj+3-,3 


Xj+l;b + Xj+4-i 


~ Xj + l-fi 


~ Xj+4;2 




Xj+2-4: + Xj+4-^i 


- Xj+2-,5 


— Xj+4-,2 


2^j+3;3 + a;j+4;l 


- Xj+3;7 


~ Xj+4-2 




Xj+2-7 + a;j+3;3 


— Xj+3-,4 


- Xj + 5;1 


Xj+3;4 + Xj+4-i 


- Xj+3-7 


— Xj+4;3 




Xj+2-,7 + Xj+4-2 


— Xj+4-3 


— Xj+5-1 


Xj+3;5 + Xj+4-2 


— Xj+4-4 


— Xj+5-1 




Xj+3-,6 + Xj+4-2 


— Xj+4-5 


— Xj+5-1 


Xj+3:5 + Xj+4:3 


— Xj+4-4 


~ Xj+5-2 




Xj+3-,6 ' 


I- Xj+4-;i 


— Xj+4-5 


- Xj+5;2 


Xj+3-S + Xj+4-4 


— a;j+4;5 


^ Xj+5;3 




Xj+4-,5 ' 


V Xj+4:7 


— Xj+4-fi 


— Xj+5-4 



Xj+2-,7 + Xj+3-3 + Xj+4-i — Xj+3-^4 — Xj+4-^2 Xj+3-^4 + Xj+4-,2 — Xj+3-,T — Xj+4-,3 — Xj+5-,1 

(i) By the form of S^, coefficients of xi-,i, xi-,2, xi-,3, xi-,4, xi-fi, xi-fi, xi-j are positive. This shows that "positivity 
assumption" is satisfied. 

(m) We assume Xj-_i > for any j > 1. We show that Xj-,2, Xj-3, Xj-4, Xj-5, Xj-e, xi-'j > for any j > 1. By the 
form of El, we have 

Xj-,2 > Xj + 1-,1, Xj-,3 > Xj+1.2, Xj-,4 > Xj+1-,3, Xj-fi > Xj+5-,1, Xj-,7>Xj + ifi, Xj-,5 > X-j + i-j . 

This shows Xj-2 > for j > 1 since Xj+i-i > and similarly, we have Xj-3 > 0, Xj-4 > 0, Xj-Q > 0, Xj-'j > 0, 
Xj-.5 > for j > 1 since Xj-^ > Xj+1-2, Xj-^4 > Xj+i-3, Xj-fi > Xj+5-i, Xj-,7 > Xj+i-fi, Xj-5 > Xj+i-j respectively. 
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(Hi) We determine when Xj-i = 0. We have 

> Xj+g-i > 0. 

This shows Xm-i = for m > 10. Similarly, we have Xm;2 = 0, Xm-3 = 0, Xm.4 = 0, Xm;5 = 0, Xm;6 = 

Xm;7 = for m > 10 since Xj+S;l > Xj+7-2 > Xj+7-3, Xj+e-s > Xj+6;4, Xj+2;3 > Xj+2;5, Xj+i-i > Xj+i 

Xj+3-2 > Xj+3;7 respectively. In particular, the parameter j in runs 1 < j < 9. 

3.7 £^8 case 

We fix the l as follows: 

i:=(-- - ,8,7,6,5,4,3,2, 1,-- - ,8,7,6,5,4,3,2,1,8,7,6,5,4,3,2,1). 
^ V ' ^ V ' ^ V ' 

We define 

:= {S^, ■ ■ ■ Sjn2Smi{xj;i) ■■ I > 0, nil,- ■ ■ ,mi > I, 1 < j <15}, 
S, := { X G Z';^ : (p{x) > for any 95 G }. 

Theorem 3.17. We give the explicit form of the as follows: 



Xj-i 
Xj;6 — Xj+l;8 
Xj+3;3 - Xj+3;8 
Xj+5;1 — Xj+lO;l 
Xj+8;2 — Xj+S;8 
a;j + ll;4 — Xj+ii-5 

2x 



Xj-2 - Xj + l;! 
Xy^l — 2;j+6;l 
Xj+3\% — Xjj^%-fi 
^j+5;5 ^j+6;5 

Xj + %-fi — Xj-|-10;4 

Xj+\2;3 — Xj+i2;4 
]+5;5 ~ Xj+z-fi — Xj+r^-s 
Xj+3;7 + Xj+4-s + ^i+5;l " 



Xr,3 - Xj+1;2 
Xj-fi - Xj+l-7 
Xj+3;7 - Xj+6-7 
Xj+5;7 — a^j+10;2 
Xj+S;7 — Xj+io-8 
Xj+13;2 — Xj+13;3 
~ Xj+6;4 Xjj^Q-5 — 



Xj-4 — Xj+i-3 Xj-5 — Xj+i-i 

Xj+2;4 — a;j+2;6 XjJ^2;8 — a;j+6;2 

a;j+4;2 — XjJ^4\7 3^i+4;8 — 3^i+6;8 

Xj+7;3 — Xj+7;G Xj+7;S — Xj+10;3 

Xj+9;1 — Xj+g.7 Xj+g-s — Xj+10;6 
Xj+i4-i — Xj+i4-2 —Xj+15-1 
Xj+6;7 ~ Xj+6;S ~ Xj+iQ-l 



Xj+5;5 Xj^^-Q + a;j+5;8 + Xj^Q-4 — 2Xj^Q.5 



Xj+1-5 

- Xj+3-A 

- Xjjf.3-^ 



+ Xj 



Xj;7 + Xj+3;3 ~ 
Xj+2;8 + Xj-\-3;3 
Xj+3;e + Xj+4;2 — Xj+4;5 
Xj+3;7 + Xj+4;8 — Xj+Q-4 
Xj+3;7 + Xj+5;7 — Xj+6;6 
Xj+5;1 + Xj+6;4 — Xj+6;5 
Xj+5;1 + Xj+g-i — Xj+g-2 
Xj+5;7 + Xj+9-1 — Xj+g-3 
Xj+8;6 + Xj+g-1 — Xj+g-5 



' Xj+i-e 

Xj;7 + Xj+4-2 — a;j+4;3 
Xj+2;8 + Xj+4;2 — Xj+4-4 
Xj+3;6 + Xj-\-5;l — Xj-i-5;4 
Xj+3;7 + Xj+5;1 — Xj+5-8 
Xj-i-4;8 + Xj+5-l — Xj+5-e 
Xj+5;1 + Xj+7;3 — Xj+7;4 



Xj-7 + Xj+2;4 ~ Xj+2;5 
Xj.7 + .Xj+5;i - Xj+^.2 



Xj+5;7 + Xj+7;3 — X.j + 7-5 
Xj+7;8 + Xj+8;2 — Xj+8;5 
Xj+8;7 + Xj+g-1 — Xj+g-6 Xj+8;7 + Xj+9-8 — Xj+W;5 



Xj+2 
Xj-\-3 

X'j+3 
Xj+4: 
Xj+5 
Xj+5 
Xj+7: 



8 + Xj+5-i — Xj-^-5-3 
7 + Xj+4-2 — Xj+4-Q 

7 + Xj+5-fi — Xj+Q-5 

8 + Xj+5-8 — Xj+6;5 
1 + Xj-\-8;2 — Xj+8;3 

7 + Xj+8;2 — Xj+8;4 

8 + Xj-^-g■l — Xj+g-^4 



Xj + 1;5 

Xj+3;4 
Xj+4;4 
Xj+5;2 - 
Xj+5;5 
Xj+5;6 - 
Xj+6;6 - 
Xj+8;3 - 
Xj+g-2 - 
Xj+9-5 - 



" Xj + l-7 — Xj + l-g, Xj+l-Q 

- Xj+3;8 — Xj+e;l Xj+s-^ 

- Xj+4-7 — Xj+Q-2 Xj+4-5 

Xj+6;i — Xj+iQ-i a;j+5;3 - 

- Xj+5-fi — Xj+e-7 Xj+5-5 - 
Xj+6;8 — a;j+10;l Xj+5-8 " 

■ Xj+G-7 — Xj + io-2 Xj+7-4 ' 

Xj+1Q;1 Xj+8;4 - 

Xj+W;l Xj+g-3 - 

Xj+W;4 Xjj^g-fi - 



■ Xj+8;8 
Xj+g-7 

Xj+g,7 

Xj+3;b + Xj+4-^3 + Xjj^r^.i — Xjj^^-^^ — Xjj^4-^4 — Xjj^r,-^2 
Xj+3;7 + Xj+4;4 + Xj+^-2 — Xj+4;6 — Xj+5-3 — Xj+Q-i 
Xj+3;7 + 2^j+4;5 + 2^j+5;3 ~ Xj+4.fi — a;j+5;4 — 2:j"+6;2 
Xj+4-fi + Xj+4-8 + Xj+^-2, — Xj+4;7 — Xj+5;5 — Xj+Q-2 
Xj+5;7 + a;j+6;5 + Xj+7-3 — Xj+Q-Q — Xj+e-8 — Xj+7;4 
Xj+5;7 + Xj-\-e:5 + Xj+Q-l — Xj+a-Q — Xj+e;8 ~ Xj+9;2 
Xj+6;6 + Xj+7-4 + Xj+9-i — Xj+e;7 — Xj+7;5 — Xj+9-,2 
Xj+7;5 + Xj+8;3 + Xj+9-,1 — Xj+7-fi — Xj+8;4 — Xj+g-^2 



Xj+1;7 ^ Xj + Q-l 

Xj+3;8 - Xj+6-,2 
Xj+4;7 — Xj+e-3 
Xj+6;2 — Xj+lo-1 
Xj+6;4 — Xj+io-^i 
Xj+6;7 — 3^j+10;l 
Xj+7;6 — a^i+lO;! 
Xj+8;8 — Xj+10;2 
Xj+g-7 — Xj+w,2 



Xj+9;7 — Xj + 10;8 



Xj+2;5 ^ Xj+2-fi — Xj+Q-^i 
Xj+4;3 ~ Xj+4;7 ~ Xj+Q;! 
Xj+4;6 — Xj+4-,7 — Xj+Q-^7 
Xj+h-A ~ Xj+Q-^'i — Xj + i9-^i 
Xj+b;b — Xj+B-,8 — Xj+Q-^8 
Xj+6;4 — Xj+e-7 — Xj+6;8 
Xj+7;5 - Xj+7-,6 - Xj + 10;2 
Xj+8;5 — Xj+8;8 — 2^j+10;3 
Xj+9;4 — Xj+9-7 — a:;j+iO;3 
Xj + 10;5 — Xj+lO-fi — Xj + lO-8 



Xj+3;6 + Xj+4-^4 + Xj+5-^2 — Xj+4-^5 — Xj+^-s 
Xj+3;7 + Xj+4-,5 + Xj+5-^2 — Xj+4-,6 ~ Xj+5-4 
Xj+4;6 + Xj+4-^8 + •^j+5;2 ^ Xj+4.7 — Xj+z-^ 
Xj+4-Q + Xj+4-8 + Xj+5;4 — Xj+4;7 — Xj+5;5 
Xj+5;7 + Xj+e-5 + Xj+8-2 — Xj+Q-Q — Xj+6-8 
Xj+6;e + Xj+7;4 + Xj+8-2 - Xj+Cr,7 - Xj+7;5 
Xj+6-,6 + Xj+8-,3 + Xj+g-l — Xj+6-,7 - Xj+8;4 
Xj+7;8 + Xj+8;4 + Xj+9-2 — Xj+8;5 — Xj+9;3 " 



- Xj+e-i 

- Xj+e-i 

- Xj+e-,1 

- Xj+e-3 

- Xj+8-3 

- Xj+8;3 

- Xj+9-2 

■ a;j+io;i 
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Xj-r + — Xj+i-e — Xj+i-s Xj+i-e + Xj+2-i 

a;j+i;6 + Xj+i-fi — — a;j+4;3 Xj+\-fi + Xj+^-^i 

Xj+2;5 + Xj+4;2 — Xj+2;6 — Xj+4;3 Xj+2-5 + Xj+^-l 

Xj+2;S + a;j+4;3 — Xj+4-4 — Xj+Q-l Xj+2;S + Xj+5-2 

Xj+3;4 + Xj+5-^-l — Xj+s-8 — Xj+5;2 ^j+3;5 + Xj+4-2 

Xj+3-fi + — a:j+4;5 — 2^j+6;l ^j"+3;6 + 2^j+4:4 

Xj+3;e + Xj+5-3 — Xj+5-4 ~ Xj+e-2 Xj+3-7 + Xj+4-3 

Xj+3;7 + Xj+4,;5 — Xj+4-e — Xj+6-3 ^j+3;7 + Xj+5-2 

Xj+3;7 + Xj+5;4: — Xj+5;8 — Xj+6;3 Xj+3-7 + Xj+5-5 

Xj+4;4 + Xj+5-1 — Xj+4-r — Xj+5-3 Xj+4-5 + Xj+^-i 

Xj+4;6 + Xj+5-i — Xj+4-r — Xj+5-s Xj+4-Q + Xj+^-fi 

Xj+4-fi + Xj+^-2 — Xj+z-Q — Xj+Q-i Xj+4-8 + Xj+z-3 

Xj+4\9, + a;j+5;5 — Xj+^-fi — Xj+^-^4 Xj+S;! + a;j+5;5 

Xj+h:2 + Xj+7-,3 — .Tj+fi;! — ■'Cj+7;4 a''j+5;2 + a^j+8;2 

Xj+b;3 + a;j+6;4 — Xj+(,-2 — Xj+(,-fi Xjj^^;3 + Xjj^'j.3 

Xj+5-3 + Xj+Q-i — Xj+Q-2 — Xj+Q-2 Xj+5-4 + Xj+Q.4 

Xj + 5:4 + -I J +8: 2 — ■tj+6:3 — -Tj+Sui Xj^^-4 + Xj^g-i 

Xj+5;5 + Xj+7-3 — Xj+e-4 — Xj+7-4 a;j+5;5 + Xj+s-2 

Xj+5-fi + Xj+5-fi — Xj+6;5 — Xj + iQ-i Xj+^s-Q + Xj+Q-4 

Xj+b-.a + 2;j+8;2 — Xj+a-s ^ Xj^g,.3 Xj+^-e + Xj+g-^i 

Xj+5;7 + Xj+e;4 — Xj+6-fi — Xj+e;8 a;j+5;7 + Xj+7-4 - 
Xj+5;7 + Xj+9-^2 — Xj+Q-3 — Xj+iO;l Xj+^-s + Xj+e-4 
■'■Cj+5;8 + 2;j+8;2 — Xj+Q-j — Xj+S;3 Xj+5-s + a^j+9;l 
Xj+6-fi + Xj+8-^2 — Xj+6-J — Xj-^-S■^4 Xj+Q-fi + Xj+g-^i 
Xj+7;4 + Xj+9-^1 — Xj+r-Q — Xj+Q-2 Xj+r;5 + Xj+S;2 
Xj+7-.S + 2;j+8:3 — Xj+8\5 — Xj + iO;l a^j+7;8 + a^i+8;4 " 
a^j+7;8 + Xj+g;3 — Xj+g-4 — Xj+i0;2 Xj+8;3 + Xj+9;l 
Xj+8;5 + Xj+9;1 — a;i+8;8 — Xj+9;4 Xj+8;6 + Xj+Q-2 " 
Xj+8;6 + Xj+Q-^4 — Xj+Q-^5 — Xj+io-3 Xj+8\7 + Xj+Q-^2 ^ 
Xj+8;7 + 2^j+9;4 — Xjj^Q-Q - a;j+iO;3 a^j+8;7 + a^j+9;5 ' 
a;i+2;8 + a;j+3;4 + a:j+4;2 — Xj+3-5 — Xj+4-3 
Xj+2-8 + Xj+4-3 + Xj+ts:i — Xj+4;4 
Xj+3;6 + Xj+4;4 + Xj+5-i — Xj+4-5 
Xj+3;7 + Xj+4;4 + Xj+5-i — Xj+4-fi 
Xj+3;7 + Xj+4;8 + Xj+5;2 — Xj+s-s 
Xj+3;7 + 2;j+4;8 + Xj+5-4 — Xj+5-5 
Xj+5;6 + Xj+5;8 + Xj+7;3 — Xj+e-5 
Xj+5-fi + Xj+5-8 + Xj+9-1 — Xj+Q-5 
Xj+5;7 + Xj+5;8 + Xj+7-3 — Xj+Q-fi 
Xj+5;7 + Xj+5-,8 + Xj+9-1_ — Xj+Q-Q 
Xj+5-,7 + 2^j+7:4 + Xj+Q-i — Xj+j.^ 
Xj+7;8 + Xj+8-,3 + Xj+9-,1 — Xj+8-^i 
Xj+3-,^ + a;j+4;3 — Xj+3-^8 — Xj+4-,4 
Xj+4-,4 + Xj+5-2 — Xj+4.7 — Xj+5.3 
Xj+4-,5 + Xj+5-,3 — Xj+4-,7 — Xj+5-,4 
Xj+4-,6 + Xj+5-3 — Xj+4-7 — Xj+5-8 
Xj+4-fi + a^j+5;5 — a^j+4;7 — Xj+^-fi 
Xj+b-,3 + a^j+5;5 — Xj+^-fi — Xj+^-fi 
Xj+5-,7 + Xj+6-5 — Xj+6-6 — Xj+e-8 " 
Xj+6-,5 + Xj+8-,2 — Xj+e;7 — Xj+e;8 
Xj+6-,6 + Xj+7-,4 — Xj+Q.7 — Xj+7.5 - 
Xj+6-,6 + Xj+9-2 — Xj+6-7 — Xj+9-3 - 
Xj+7-,5 + Xj+9;2 — Xj+7.fi — Xj+g-3 - 
Xj+8-,5 + Xj+g-,2 — Xj+8-,8 — Xj+9-4 " 



- Xj + 5;2 

- Xj+5-,3 

- Xj+5-3 

- Xj+e-i 

- Xj+6-,3 

- Xj+7-^4 

- Xj+9;2 

- Xj+7-^4 

- Xj+g;2 

- Xj+g-^2 

- Xj+g-2 

- Xj+e-^i 

' Xj+e-^i 

- Xj+6-2 

- Xj+e-2 

' Xj+6:4 

- Xj+6-2 
Xj+10-,1 

- Xj+8;3 
Xj+10-,1 
Xj+10-,1 

Xj+10-,1 

Xj+10-,1 



- Xj+1. 

- Xj+1. 

- Xj+2 

- Xj+5 

- Xj+3: 

- Xj+4 

- Xj+4 

- Xj+5: 

- Xj+5 

- Xj+4: 

- Xj+4: 

- Xj+5: 

- Xj+5 

- Xj+e 

- Xj+f^ 

- Xj+6 

- Xj+e 

- Xj+6 

- Xj+e 

- Xj+e 

Xj+7 

- Xj+e 

- Xj+e 

- Xj+e 

- Xj+7 
Xj+8 

- Xj+8: 
Xj+9 
Xj+9 
Xj+9 

Xj+2 
Xj+3 
Xj+3 
Xj+3 
Xj+3 
Xj+4 
Xj+5 
Xj+5 
Xj+5 
Xj+5 
Xj+5 
Xj+7 

Xj+3: 

Xj+4 
Xj+4 
Xj+4 

Xj+5 

Xj + 5: 
Xj+6: 

Xj+e 

Xj+6: 
Xj+7 

Xj+8: 
Xj+8: 



7 - Xj+2-, 

7 - Xj+5-, 

6 — Xj+5; 

3 — Xj+e-, 

8 — Xj+4- 

5 — Xj+e-. 

6 — Xj+e-, 

8 - Xj+6-, 

8 — Xj+e-, 

7 - Xj+5-, 

7 - Xj+6-, 

6 — Xj+e-, 

6 ~ Xj+5-. 

1 ^ Xj+8: 
Xj+7: 
Xj+6-, 
3 — Xj+9: 
Xj+8: 

Xj+e-, 

8 — Xj+9-. 

5 — Xj + io-^i 

5 — Xj+e-,7 

7 — Xj+9;2 

7 - Xj+9;3 

6 — Xj+8-,4 
5 — Xj+io-^2 

8 ~ Xj+9-2 

5 ~ Xj+10-^1 

3 — Xj+io-^i 

3 — Xj + io-,4 

8 + a;j+3;4 

6 + Xj+4-,3 



Xj+1-,6 
Xj+2-,5 
Xj+2-,8 
Xj+3-,4 
Xj+3-,5 
Xj+3-,6 
Xj+3-,7 
Xj+3;7 
Xj+4-,3 
Xj+4-,6 
Xj+4-,6 
Xj+4-,8 
Xj+5-,2 



+ Xj+3-,3 
+ Xj+2-,6 

+ Xj+3-,4 
+ a;i+4;2 
+ Xj+5-,1 
+ Xj+5-,2 
+ Xj+4-4 

+ Xj+5;3 

+ Xj+5-,1 
+ Xj+4-^8 
+ Xj+5-,7 
+ Xj+5-4 

+ Xj+6-,4 



Xj+5-,2 + Xj+9a 
Xj+5-,3 + Xj+8-,2 
Xj+5:4 + Xj+7;3 
Xj+5-,5 + Xj+5.7 
Xj+5-,5 + Xj+9:l 
Xj+5-,6 + Xj+7-^3 
Xj+5-,7 + Xj+5-,8 - 
Xj+5-,7 + Xj+8-,3 - 
Xj+5-,8 + 2;j"+7;3 
Xj+6-,6 + Xj+7-,3 
Xj+7-4 + a:;j+8;2 
Xj+7-,5 + Xj+9;i 
Xj+7;8 + Xj+9-^2 " 
2^j+8;4 + Xj+g-i 
Xj+8;6 + Xj+9-^3 - 
a;j+8;7 + a;j+9;3 - 
Xj+9;6 + 2;j+9;8 - 
+ Xj+5:i — Xj+3.5 - 



+ Xj+5-,1 



■7 + a;j+4;3 


+ Xj+5-.i 


;7 + Xj+4-5 


+ Xj+5-,1 


■ 7 + Xj+4-8 


+ Xj+5-,3 


;6 + Xj+4-^8 


+ Xj+5-,1 


■ 6 + Xj+5-^8 


+ Xj+8-,2 


■ 7 + Xj+5-8 


+ Xj+6-,4 


■ 7 + Xj+5.8 


+ Xj+8-,2 


■ 7 + Xj+7-^4 + Xj+8-,2 


■ 7 + Xj+8-,3 


+ Xj + Q-l 


;8 + Xj+8-,4 + Xj+9-i 


;5 + Xj+5-2 


- Xj+3-,8 


;5 + Xj+5-^2 


— Xj+4-7 


;6 + Xj+5-^2 


- Xj+4-,7 


;6 + Xj+5-4 


- Xj+4-,7 


;2 + Xj+5-^5 


— Xj+5-fi 


;4 + Xj+5-^5 


— Xj+5-6 


;5 + 3^j+7;3 


- Xj+6-,7 


;5 + Xj+9-^i 


— Xj+6-,7 


6 + Xj+8-,3 


- Xj+6-,7 


5 + a;j_|_8;3 


- Xj+7-fi 


4 + Xj+9-2 


— Xj+8-,8 


5 + Xj+9-^3 


— Xj+8-,8 



- Xj+4-^5 
' Xj+4-.^ 

- Xj+4-fi 

- Xj+5-^5 

- Xj+4-,7 

- Xj+6-,5 

- Xj+6-,5 

- Xj+6-,6 

- Xj+7-,5 

- Xj+8-,4 

- Xj+8-5 

- Xj+5-^3 

- Xj+5-.4 

- Xj+5-fi 

- Xj+5-,8 

- Xj+5-^8 

- Xj+5-fi 

- Xj+6-,8 

- Xj+6-,8 
Xj+8-,4 - 
Xj+8-,4 - 
Xj+9-,3 - 
Xj+9-,4 - 



- Xj + i 

- Xj+3 

- Xj+3 

- Xj+3 

- Xj+S; 

- Xj+5 

- Xj+4 

- Xj+5 

- Xj+4.. 

- Xj+4: 

- Xj+4: 

- Xj+5 

- Xj+e 

- Xj+e 

- Xj+e 

- Xj+6 

- Xj+6 

- Xj+e 
Xj+e-,6 

■ Xj+8-,4 

- Xj+e-,7 

- Xj+e-,7 

- Xj+7-e 

- Xj+7-6 

Xj+9-,4 

- Xj+8-,8 

■ Xj+9-^5 

■ Xj+9-fi 
Xj+9;7 

- Xj+5-^2 

- Xj+5-,2 

- Xj+5-.2 
' Xj+5-^4 

- Xj+6-,2 

- Xj+5-5 

- Xj+8-,3 

- Xj+6-,6 

- Xj+8-,3 

- Xj+8-,3 

- Xj+g:2 

- Xj+9-;i 

- Xj+6-,1 

- Xj+6-,1 

- Xj+6-,1 

- Xj+6-,3 

- Xj+6-,1 

- Xj+6-,3 

- Xj+7-^4 

- Xj+9-^2 
Xj+W-,1 
Xj+W-l 

Xj+10-,1 

Xj+10-,2 



- Xj+3-^4 

- Xj+3-,4 

- Xj+e-i 

- Xj+4-,3 

- Xj+5;3 

- Xj+e-i 

- Xj+e-,2 

- Xj+6-2 

- Xj+5-2 

- Xj+e-,4 

- Xj+6-6 

- Xj+e-,3 

- Xj+e-,5 

- Xj+9-2 

- Xj+8-,3 

- Xj+7.4 

- Xj+e-6 

- Xj+9-2 

- Xj+7-4 
Xj+10-,1 
Xj + 10-,1 

- Xj+7-^4 

- Xj+7-,5 

- Xj+8-,3 

- Xj+9-3 

a;j+io;i 

- Xj+9-3 

■ 2;j + 10;2 
Xj+10-,2 

a;j+io;5 
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(i) By the form of E^, coefficients of xi-i, xi-2, xi-^, xi-4, xi-e, xi-t, xi-s are positive. This shows that 
"positivity assumption" is satisfied. 

(ii) We assume Xj-i > for any j > 1. We show that Xj-2, Xj-3, ^j-Ai ^j;5^ ^j-fii ^i;7^ ^i;S > for any j > 1. By 
the form of E^, we have 

Xj-2>Xj + i;i, Xj;3 > Xj+i-^2, Xj;i>Xj+i.3, Xj;5 > Xj+i-^i, Sj;? > a^j+6:l , Xj.s>Xj + U7, Xj.fi > Xj+i-^s- 

This shows Xj-2 > for j > 1 since xj+i-^i > and similarly, we have xj-s > 0, xj-^i > 0, xj-^ > 0, xj-j > 0, 
Xj-s > 0, Xj-e > for j > 1 since Xj-s > Xj+1.2, Xj-i > Xj+i-s, Xj-z > Xj+i.^, Xj-7 > Xj+i-e, Xj-s > Xj+i-^r, 
Xj-e > ^j+i;S respectively. 

(iii) We determine when Xj-i = 0. We have 

> Xj+15.1 > 0. 

This shows x^-i = for m > 16. Similarly, we have Xrn:,2 = Oi Xm;3 = 0, Xm;4 = 0, Xm-^ = 0, Xm-s = 0, 
Xm;7 = 0, Xm;8 = for m > 16 since a;j+i4;i > a;j+i4;2, a;j+i3;2 > a;j+i3;3, Xj+i2:3 > a;j+i2;4, Xj+h-a > Xj+n-^, 
Xj+7:3 > Xj+7.Q, Xj+g-i > Xj+g-j, Xj+S;2 > Xj+S;8 respectively. In particular, the parameter j in runs 
1 < j < 15. ' 

Remark 3.18. For all simple case, the number of Xj-.i^s such that Xj-.i ^ are equal to the length of longest 
element of Weyl group. 
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